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Abstract
We study Yang-Baxter sigma models with deformed 4D Minkowski spacetimes aris-
ing from classical r-matrices associated with κ-deformations of the Poincare´ algebra.
These classical κ-Poincare´ r-matrices describe three kinds of deformations: 1) the stan-
dard deformation, 2) the tachyonic deformation, and 3) the light-cone deformation. For
each deformation, the metric and two-form B-field are computed from the associated
r-matrix. The first two deformations, related to the modified classical Yang-Baxter
equation, lead to T-duals of dS4 and AdS4 , respectively. The third deformation, asso-
ciated with the homogeneous classical Yang-Baxter equation, leads to a time-dependent
pp-wave background. Finally, we construct a Lax pair for the generalized κ-Poincare´
r-matrix that unifies the three kinds of deformations mentioned above as special cases.
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1 Introduction
A fascinating topic in the field of integrable systems is a systematic way to study integrable
deformations of 2D non-linear sigma models. It was proposed by Klimcik [1] originally for
1
principal chiral models as a higher-dimensional generalization of 3D squashed sphere1. Fol-
lowing this method, integrable deformations are provided by classical r-matrices which satisfy
the modified classical Yang-Baxter equation (mCYBE) . Then, it is so powerful that, given a
classical r-matrix, the associated Lax pair for principal chiral models follows automatically!
Klimcik’s method was subsequently generalized to symmetric cosets [12]. The AdS5×S5
manifold is an example of a symmetric coset, and in fact the Green-Schwarz action of type
IIB superstring on this background can be constructed on the following supercoset [13]
PSU(2, 2|4)
SO(1, 4)× SO(5) . (1.1)
Then the Z4-grading property of this supercoset ensures classical integrability [14]. Thus,
Delduc-Magro-Vicedo presented a Yang-Baxter q-deformation of the AdS5×S5 superstring
[15], generated by the r-matrix of Drinfeld-Jimbo type [16].
Furthermore, one may consider deformations linked with the homogeneous classical Yang-
Baxter equation (CYBE) . The deformed action of the AdS5×S5 superstring based on the
CYBE was constructed in [17] (for purely bosonic sigma models, see [18–20]) . In a series
of works [21–27] various classical r-matrices have been identified with type IIB supergravity
solutions like Lunin-Maldacena-Frolov backgrounds [28, 29], gravity duals for noncommuta-
tive gauge theories [30,31], and Schro¨dinger spacetimes [32]. In particular, string theories on
these backgrounds are equivalent to the undeformed theories with twisted boundary condi-
tions [29, 33, 34]2. This relation between a class of gravity solutions and classical r-matrices
has been called the gravity/CYBE correspondence [21] (For a short summary, see [36]). To
establish this conjectured relation, there remain many issues to be studied.
It is worth noting that the gravity/CYBE correspondence may work beyond the integra-
bility. A landmark is the AdS5× T 1,1 background, where T 1,1 is a Sasaki-Einstein manifold.
On this background, classical string solutions exhibit chaotic motions [37] and hence the
complete integrability is broken. On the other hand, TsT transformations can be performed
for T 1,1 [28,38] and give rise to (non-integrable) deformations of T 1,1 . Interestingly enough,
these deformations can be reproduced as Yang-Baxter deformations with abelian classical r-
matrices [39]. This result indicates that the Yang-Baxter deformations technique may work
as well for non-integrable cases.
1 The classical integrability of the squashed S3 was discussed in classic papers [2–4]. For related Yangians
and quantum affine algebras, see [5–10]. For an earlier attempt towards the higher-dimensional case, see [11].
2 For general discussions on Jordanian twists and twisted periodic boundary conditions, see [19, 27, 35].
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Based on this success, it would be interesting to study Yang-Baxter deformations of 4D
Minkowski spacetime [40]. This may be regarded as an application of the gravity/CYBE
correspondence to the case of flat space. It is the fundamental question to reveal to what
extent the correspondence can be generalized. Furthermore, in comparison to curved spaces
like AdS spaces, one can readily see the relation between Yang-Baxter deformations and
duality transformations like T-duality and S-duality. Further it would be helpful to study
non-perturbative aspects of string theory and new ideas such as non-geometric backgrounds
and doubled geometries. Hence it may be possible to figure out a connection between Yang-
Baxter deformations and quantum spectra. As a matter of course, it is quite significant to
unveil quantum aspects of Yang-Baxter deformations.
However, in the case of Minkowski spacetime, there is an obstacle that the inner product
entering into the YB sigma model action is degenerate. A possible way around is to employ
an embedding of 4D Minkowski spacetime into the bulk AdS5 . By adopting this resolution
3,
a Yang-Baxter sigma model providing deformations of 4D Minkowski spacetime was proposed
in [40]. Then, classical r-matrices have been identified with a large number of gravity
solutions such as Melvin backgrounds [41–44], pp-wave backgrounds [45], Hashimoto-Sethi
backgrounds [46] and Spradlin-Takayanagi-Volovich backgrounds [47]. More interestingly, T-
duals of dS4 and AdS4 also have been reproduced from classical r-matrices
4. In addition, new
backgrounds generated by the standard q-deformation were also presented. In comparison to
the Yang-Baxter deformations of principal chiral models and the usual symmetric cosets, the
general form of Lax pair has not been constructed yet. But the solvability or integrability
of all the models listed above, apart from the new ones, has already been shown. It would
be an interesting task to show the integrability for a sufficiently large class of Yang-Baxter
deformations.
On the other hand, there is a long history of studies describing the quantum deforma-
tions of Poincare´ algebras, starting from [50], and subsequent studies of quantum-deformed
conformal algebras [51–53]. Deformed Poincare´ algebras are classified in terms of classical
r-matrices similarly as the Yang-Baxter deformations (for still incomplete list of D = 4
Poincare´ r-matrices, depending only on the Poincare´ generators, see [54, 55]). It is of par-
3To employ this resolution, we are now considering the 4D case, though it is also interesting to consider
the deformations of 10D Minkowski spacetime as string target space.
4The appearance of dS space is originally discussed in [1]. It is worth noting that (T-duals of) dS spaces
appear in various contexts [15, 48, 49].
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ticular interest to study a special class of r-matrices generating the κ-deformations of the
Poincare´ algebra.
In this paper, we will study Yang-Baxter sigma models with deformed 4D Minkowski
spacetimes arising from three classical r-matrices associated with three κ-deformations of
the Poincare´ algebra. The classical r-matrices include three kinds of deformations: 1) the
standard deformation (non-split type) , 2) the tachyonic deformation (split type) , and 3) the
light-cone deformation (homogeneous type) . For each type of deformation, the metric and
two-form B-field are computed. The first two cases are described by the mCYBE and lead
to T-duals of dS4 and AdS4 , respectively. The third case is linked with the CYBE and gives
rise to a time-dependent pp-wave background. Then we construct the deformed Lax pairs
for each of the cases. All of the resulting backgrounds are classically integrable and one can
derive the corresponding Lax pairs. In fact, we have succeeded in constructing a Lax pair for
the generalized κ-Poincare´ r-matrix depending on the constant four vector aµ that unifies
the three deformations as special cases. The unified Lax pair interpolates between the three
cases and remarkably the three different classes of κ-deformations are treated by one set of
equations.
Before discussing our results, we shall comment on the choice of dimension D=4 used in
this paper. D=4 string theory is noncritical and it is described by a 2D Liouville gravity [56].
Our κ-deformed D=4 Yang-Baxter sigma models can be considered as a preliminary stage for
the description of κ-deformed D=4 noncritical string with the 2D Liouville gravity action
representing an extension of the sigma-model approach to a string description. Such a
“noncritical” extension of Yang-Baxter sigma models still should be formulated, however
because the D=2 Liouville gravity is integrable (For a Lax pair in W-gravity, see [57]), it is
plausible, in the context of proven integrability in this paper, that the integrability should
remain valid after performing the κ-deformation.
This paper is organized as follows. In section 2 we revisit coset constructions of AdS5 .
In section 3 we provide a short review of the Yang-Baxter deformation method and its
adjustment to 4D Minkowski spacetime. In section 4 we recall the classical r-matrices
defining three types of κ-Poincare´ algebras. Furthermore, the deformed metric and two-form
B-field are computed for the three κ-deformations. In section 5 the Lax pair is constructed
for the general aµ-dependent κ-Poincare´ r-matrix and then the concrete formulae for Lax
pairs for the three cases are given. In section 6 we present discussion and final remarks. In
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Appendix A, a connection among coset representatives of AdS5 is presented. In Appendix
B, we argue another coset for the Poincare´ AdS5 . In Appendix C, we clarify the origin of
the coincidence of target spaces derived via Yang-Baxter sigma model from different classical
r-matrices.
NOTE: When preparing our draft, an interesting paper [58] has appeared on the arXiv.
The present paper and [58] have some overlapping on a T-dual of dS4 for the standard
κ-deformation.
2 Revisiting coset constructions of AdS5
2.1 4D conformal algebra so(2, 4) and its spinorial realization
In the first place, we shall introduce a fundamental spinorial representation of the Lie algebra
so(2, 4) ∼= su(2, 2) . The generators Jab (a, b = 0, 1, 2, 3, 4, 5) satisfy the following relations:
[Jab, Jcd] = ηadJbc + ηbcJad − ηacJbd − ηbdJac . (2.1)
Here ηab = (−1, 1, 1, 1,−1, 1) .
Let us introduce the gamma matrices γµ (µ = 0, 1, 2, 3) and γ5 satisfying the relations:
{γµ, γν} = 2ηµν , γ5 ≡ −iγ0γ1γ2γ3 . (2.2)
Then, by introducing the following quantities,
nµν ≡ 14 [γµ, γν ] , nµ5 ≡ 14 [γµ, γ5] , (2.3)
one can introduce a spinor representation5 of so(2, 4)
Jµν = nµν , Jµ4 =
1
2
γµ , Jµ5 = nµ5 , J54 =
1
2
γ5 . (2.4)
Thus the Lie algebra so(2, 4) and a subalgebra so(1, 4) are represented by
so(2, 4) = span
R
{ 1
2
γµ ,
1
2
γ5 , nµν , nµ5 | µ, ν = 0, 1, 2, 3 } , (2.5)
so(1, 4) = span
R
{ nµν , nµ5 | µ, ν = 0, 1, 2, 3 } . (2.6)
5The generators in (2.4) generate the spinorial double covering SU(2, 2) of SO(2, 4) , which only matters
in the case of global (topological) considerations. The spinor representation is rather convenient.
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We obtain the matrix realization of 4D conformal algebra if we substitute the following
realization of the algebra (2.2) [17, 59]:
γ1 =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 , γ2 =

0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0
 , γ3 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 ,
γ0 =

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0
 , γ5 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 . (2.7)
Then we introduce a conformal basis for so(2, 4) as follows:
so(2, 4) = span
R
{ pµ , nµν , dˆ , kµ | µ, ν = 0, 1, 2, 3 } . (2.8)
Here the translation generator pµ , the dilatation dˆ and the special conformal generator kµ
are represented by, respectively,
pµ ≡ 1
2
(γµ − 2nµ5) , dˆ ≡ 1
2
γ5 , kµ ≡ 1
2
(γµ + 2nµ5) . (2.9)
The non-vanishing commutation relations are given by
[pµ, kν] = 2(nµν + ηµν dˆ ) , [dˆ, pµ] = pµ , [dˆ, kµ] = −kµ ,
[pµ, nνρ] = ηµν pρ − ηµρ pν , [kµ, nνρ] = ηµν kρ − ηµρ kν ,
[nµν , nρσ] = ηµσ nνρ + ηνρ nµσ − ηµρ nνσ − ηνσ nµρ . (2.10)
2.2 Coset construction of the global AdS5
The AdS5 space is homogeneous and can be represented by a symmetric coset
AdS5 =
SO(2, 4)
SO(1, 4)
. (2.11)
In fact, the metric can be computed by using (2.5) and (2.6) via a coset construction. Then
a key ingredient is the left-invariant one-form
A = g−1dg . (2.12)
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Let us take a coset representative g as [59, 60]6
g = exp
[ i
2
t γ5 − ψ2 n12 − iψ3 n03
]
exp
[
−iψ1 n01
]
exp
[
− i
2
ργ0
]
. (2.13)
Then the left-invariant one-form can be expanded as
A =
1
2
eMγM +
1
2
ωMNnMN (M,N = 0, 1, 2, 3, 5) (2.14)
in terms of vielbeins eM and ωMN given by
e0 = −i dρ , ω01 = −i cosh ρ dψ1 ,
e1 = − sinh ρ dψ1 , ω02 = −i cosh ρ sinψ1dψ2 ,
e2 = − sinh ρ sinψ1dψ2 , ω03 = −i cosh ρ cosψ1dψ3 ,
e3 = − sinh ρ cosψ1dψ3 , ω05 = − sinh ρ dt ,
e5 = i cosh ρ dt , ω12 = − cosψ1dψ2 ,
ω13 = sinψ1dψ3 , (2.15)
where the other components of ωMN are zero. By using the vielbeins eM , the global AdS5
metric is given by (we set AdS radius equal to 1)
ds2 = gMNdx
MdxN = ηMNe
MeN
= − cosh2 ρ dt2 + dρ2 + sinh2 ρ (dψ21 + sin2 ψ1 dψ22 + cos2 ψ1 dψ23) . (2.16)
Here ηMN = diag(−1, 1, 1, 1, 1) (M,N = 0, 1, 2, 3, 5) .
An alternative way is to adopt a coset projector P : so(2, 4)→ so(2, 4)/so(1, 4) ,
P (x) ≡ γ0 Tr(γ0 x)
Tr(γ20)
+
3∑
i=1
γi
Tr(γi x)
Tr(γ2i )
+ γ5
Tr(γ5 x)
Tr(γ25)
=
1
4
[
−γ0Tr(γ0 x) +
3∑
i=1
γiTr(γi x) + γ5Tr(γ5 x)
]
for x ∈ so(2, 4) . (2.17)
This projection respects the Z2-grading of the coset (2.11) . Then the AdS5 metric (2.16)
can be reproduced as
ds2 = Tr(AP (A)) . (2.18)
6 A different coset representative may be chosen. For example, see Appendix A.
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Finally, let us comment on the relation between the calculation using the projection
(2.17) and the standard coset construction. By using the relations, which are valid for our
representation,
Tr(γM γN) = 4ηMN , Tr(nMNnPQ) = ηMQηNP − ηMPηNQ , (2.19)
the vielbeins eM are expressed as
eM =
1
2
Tr(γMA) . (2.20)
Hence the expression (2.16) can be rewritten as
ds2 = ηMNe
MeN
=
1
4
ηMNTr(γ
MA)Tr(γNA) = Tr
[
A
1
4
ηMNγMTr(γN A)
]
= Tr(AP (A)) . (2.21)
Thus the projection method is equivalent to the standard one.
As a side note, it is apparent to see the relation between the general symmetric two-
form [45, 61] and the projection operator. This observation enables us to consider Yang-
Baxter deformations of the Schro¨dinger and Lifshitz cosets argued in [61]. We hope that we
shall report these results in another place.
2.3 Coset construction of Poincare´ AdS5
Next, let us consider how to describe the AdS5 space with the Poincare´ coordinates (which
will be abbreviated as the Poincare´ AdS5 hereafter).
To move from the global coordinates to the Poincare´ ones, we shall take another repre-
sentative like7
gP = exp
[
p0 x
0 + p1 x
1 + p2 x
2 + p3 x
3
]
exp
[ γ5
2
log z
]
=

√
z 0 x
0+x3√
z
−x1+ix2√
z
0
√
z x
1+ix2√
z
−x0+x3√
z
0 0 1√
z
0
0 0 0 1√
z
 , (2.22)
7For the gauge transformation, see Appendix A.
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where pµ’s are defined as
pµ ≡ 1
2
γµ − nµ5 , (2.23)
and represented in the following 4× 4 matrix notation:
p0 =

0 0 1 0
0 0 0 −1
0 0 0 0
0 0 0 0
 , p1 =

0 0 0 −1
0 0 1 0
0 0 0 0
0 0 0 0
 ,
p2 =

0 0 0 i
0 0 i 0
0 0 0 0
0 0 0 0
 , p3 =

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
 . (2.24)
Note here that pµ’s commute with each other.
Then the left-invariant one-form A can be expanded as
A ≡ g−1P dgP =

dz
2z
0 dx
0+dx3
z
−dx1+idx2
z
0 dz
2z
dx1+idx2
z
−dx0+dx3
z
0 0 −dz
2z
0
0 0 0 −dz
2z
 = eµpµ + e5
γ5
2
, (2.25)
where µ = 0, 1, 2, 3 and the vielbeins eM (M = 0, 1, 2, 3, 5) are given by
eµ =
dxµ
z
, e5 =
dz
z
. (2.26)
Then the metric of the Poincare´ AdS5 is derived as
ds2 = gMNdx
MdxN = ηMNe
MeN
=
1
z2
[
−(dx0)2 +
3∑
i=1
(dxi)2 + dz2
]
. (2.27)
The AdS radius is set to 1, again.
A subtle point in this construction is that a matrix representation has been used in
computing the vielbeins (2.26) . More formally, those should have been derived without
introducing a specific representation of pµ’s and γ5 .
In order to apply Yang-Baxter deformations, it is necessary to use the trace operation
in calculating the vielbeins. Because Tr(pµpν) = 0 , we should adopt, instead of pµ , some
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other elements of dual basis which are not orthogonal to pµ , in order to obtain the formulae
(2.26) and (2.27) using techniques employed in Yang-Baxter sigma models. We checked that
a possible choice is provided by matrices γµ’s, which generate the curved translations on
SO(2, 3)/SO(1, 3) . Then the µ component of the vielbein can be expressed as8,
eµ =
1
2
Tr(γµA) . (2.28)
By using this definition, the metric can be written as
ds2 = ηµνe
µeν = Tr(AP (A)) , (2.29)
where the projector P is defined in (2.17) . As a result, the coset structure (2.11) is still
preserved in this construction. This point would play an important role in the next section.
3 Yang-Baxter deformations of Minkowski spacetime
We will introduce Yang-Baxter deformations of 4D Minkowski spacetime by following [40].
3.1 Coset construction of 4D Minkowski spacetime
Let us introduce a coset construction of 4D Minkowski spacetime in order to perform its
Yang-Baxter deformations in the next subsection.
To illustrate a key point, it is worth to revisit the standard coset construction based on
the following coset:
4D Minkowski =
ISO(1, 3)
SO(1, 3)
. (3.1)
The 4D Poincare´ algebra iso(1, 3) and the 4D Lorentz algebra so(1, 3) are spanned like
iso(1, 3) = span
R
{ nµν , pµ | µ, ν = 0, 1, 2, 3 } ,
so(1, 3) = span
R
{ nµν | µ, ν = 0, 1, 2, 3 } .
(3.2)
A representative element gm is represented by
gm = exp
[
p0 x
0 + p1 x
1 + p2 x
2 + p3 x
3
]
=

1 0 x0 + x3 −x1 + ix2
0 1 x1 + ix2 −x0 + x3
0 0 1 0
0 0 0 1
 . (3.3)
8Another choice of dual generators providing the formulae (2.26) and (2.27) is given by conformal gener-
ators kµ . We shall consider this possibility in Appendix B.
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Then the left-invariant one-form A = g−1m dgm is expanded as
A =

0 0 dx0 + dx3 −dx1 + idx2
0 0 dx1 + idx2 −dx0 + dx3
0 0 0 0
0 0 0 0
 ≡ eµpµ , (3.4)
and the vielbeins are obtained as
eµ = dxµ . (3.5)
Finally, by adopting ηµν to contract the vielbeins (3.5), the metric is computed as
ds2 = ηµνe
µeν = ηµνdx
µdxν . (3.6)
This is the standard derivation of the Minkowski metric with a coset construction.
Note that the above derivation is well adjusted to our further aim of calculating Yang-
Baxter deformations of Minkowski space. It appears that we can get also the formula (3.5)
using the trace operation.
eµ =
1
2
Tr(γµA) , (3.7)
We should observe that γµ is not contained as a generator in iso(1, 3) and hence per-
forming the trace operation (3.7) is linked with the embedding 4D Minkowski space into the
conformal group SO(2,4), or more explicitly, with the embedding of 4D Minkowski space
into Poincare´ AdS5 manifold. In particular, the coset element (3.3) is obtained by dividing
the one in (2.22) by the dilatation (generated by γ5) , what means that the radial coordinate
z has been removed.
Next, by using the trace operation (3.7), the metric can be rewritten as
ds2 = ηµνe
µeν = Tr(AP (A)) , (3.8)
with a new projection operator
P (x) =
1
4
[
−γ0Tr(γ0 x) +
3∑
i=1
γiTr(γi x)
]
. (3.9)
Thus the conformal embedding enables us to compute the Minkowski metric by using the
trace operation and to perform Yang-Baxter deformations.
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3.2 Yang-Baxter sigma model for 4D Minkowski spacetime
Yang-Baxter deformations have only been discussed for curved backgrounds so far. However,
it is possible to apply the formulation to Minkowski spacetime.
The deformed action is given by9
S = −1
2
∫ ∞
−∞
dτ
∫ 2pi
0
dσ (γαβ − ǫαβ) Tr
[
AαP ◦ 1
1− 2ηRg ◦ P (Aβ)
]
, (3.10)
where Aα = g
−1
m ∂αgm and gm is given in Eq. (3.3) . Here η is a constant parameter and the
action (3.10) is reduced to the undeformed one for η = 0 . The model is deformed on 2D
Minkowski spacetime with the metric γαβ = diag(−1, 1) . The anti-symmetric tensor ǫαβ is
normalized as ǫ01 = 1 . The operator Rg is defined as
Rg(X) ≡ g−1m R(gmXg−1m )gm , (3.11)
Here a linear operator Rg : D → so(2, 4) is a solution of the equation[
Rg(x), Rg(y)
]− Rg ([Rg(x), y] + [x,Rg(y)]) = ω[x, y] , x, y ∈ D , (3.12)
where ω is a constant parameter and D is a vector space spanned by the set {γ0, γ1, γ2, γ3} .
When ω = 0 , this equation is called the homogeneous CYBE. We get the modified CYBE
(mCYBE) for ω 6= 0 . Note here that the domain of Rg is restricted to D due to the existence
of the projection operator in the action10.
The R-operator is related to the skew-symmetric classical r-matrix in tensorial notation
through the formula
R(X) = Tr2[r(1⊗X)] =
∑
i
(aiTr(biX)− biTr(aiX)) , (3.13)
where the classical r-matrix is given by
r =
∑
i
ai ∧ bi ≡
∑
i
(ai ⊗ bi − bi ⊗ ai) . (3.14)
9Here the string tension T = 1
2piα′
is set to 1, and the conformal gauge is taken so as to drop the dilaton
coupling to the world-sheet scalar curvature.
10Note that the R-operator has a domain while the classical r-matrix has a support in the symmetry
algebra. In the usual Yang-Baxter deformations, the domain is identified with the symmetry algebra. But
we will follow a slightly different way. We argue that the presence of the operator Rg ◦P in the action (3.10)
entitles us to restrict the natural domain of Rg to the subspace D on which P projects.
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The generators ai, bi are elements of so(2, 4) , i.e the Yang-Baxter deformations will be in-
vestigated within so(2, 4) . In particular, when ω = 0, the r-matrix satisfies the CYBE in
the tensorial notation,
[r12, r13] + [r12, r23] + [r13, r23] = 0 . (3.15)
Note here that one cannot see the difference between the mCYBE and the CYBE from
the classical action, up to the η-dependent normalization factor in front of the action. It is
relevant to the expression of Lax pairs, as we will see in section 4.
Three classes of classical r-matrices
One can divide classical so(2, 4) r-matrices into following three classes:
(a) r = Poincare´ ⊗ Poincare´
1. abelian e.g., r ∼ p1 ∧ p2 , 2. non-abelian e.g., r ∼
∑3
i=1 pi ∧ n0i ,
(b) r = Poincare´ ⊗ non-Poincare´
1. abelian e.g., r ∼ n12 ∧ γ5 , 2. non-abelian e.g., r ∼ p0 ∧ γ5 ,
(c) r = non-Poincare´ ⊗ non-Poincare´
1. abelian e.g., r ∼ k1 ∧ k2 , 2. non-abelian e.g., r ∼ k0 ∧ γ5 .
Here, given a classical r-matrix r = a⊗ b , the word “abelian” means that a and b commute
with each other11. In the previous work [40], some examples in the classes (a)-1 and (b)-2
have been studied in detail. The class (a)-1 corresponds to twist procedures; the classical
r-matrices associated with various kinds of Melvin twists have been identified in [40]. Some
examples of the class (b)-2 have been studied as well, in particular T-duals of dS4 and AdS4
have been realized with the use of r ∼ γ5 ∧ p0 and r ∼ γ5 ∧ p1 , respectively. For the
classification of class (a) of classical r-matrices, see [55].
Our purpose in this paper is to study the class (a)-2, in particular describing so-called
κ-deformations of the 4D Poincare´ algebra. This special class will be considered in detail in
the next section.
11In the case that summations are included, one needs to be careful for the definition in detail. But we
will not try to dwell on it here.
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4 Deformed backgrounds from κ-Poincare´ r-matrices
In this section, we will compute the deformed metric and associated B-field by following
Yang-Baxter deformations for particular non-abelian classical r-matrices. The method we
follow is similar to [40].
The classical r-matrix associated with the general κ-deformation of the Poincare´ algebra
is given by
r = aµ nµν ∧ pν , (4.1)
where aµ is a constant four vector describing the set of deformation parameters. This r-
matrix satisfies the following mCYBE in the tensorial notation:
[r12, r13] + [r12, r23] + [r13, r23] =
1
2
(aµa
µ) pρ ∧ nρσ ∧ pσ , (4.2)
where aµa
µ = ηµνa
µaν .
In the following we shall consider in detail the following three cases:
1. The standard κ-deformation: aµ = ( 1
κ
, 0, 0, 0) ,
2. The tachyonic κ-deformation: aµ = (0, 1
κ
, 0, 0) ,
3. The light-cone κ-deformation: aµ = ( 1√
2κ
, 0, 0,− 1√
2κ
) .
where κ is a deformation parameter. Note that the case 3, in which a vector aµ is light-cone,
namely aµa
µ = 0 , and the r-matrix describing light-cone κ-deformation is a solution of the
CYBE.
We shall list the resulting backgrounds for the three κ-deformations below.
4.1 The standard κ-deformation
It is provided by the following r-matrix:
r =
1
κ
3∑
i=1
n0i ∧ pi . (4.3)
This r-matrix satisfies the mCYBE in the tensorial notation and gives rise to the standard
κ-deformation of 4D Minkowski spacetime.
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Recall that, due to the presence of the projection (3.9) in the classical action, the domain
of Rg is restricted to the following domain:
x, y ∈ D = span
R
{γ0, γ1, γ2, γ3} , (4.4)
on which the Killing form is non-degenerate. This can also be regarded as the metric induced
from the parent coset so(2, 4)/so(1, 4) . Then one can show that the mCYBE (3.12) with
ω = 1/κ2 is satisfied. This means that Rg is of non-split type like the classical r-matrix
of Drinfeld-Jimbo type [16]. This case has been particularly popular in the study of Yang-
Baxter deformations based on the mCYBE [1, 12, 15].
One can easily calculate the Rg-operator for the κ-deformation. The computation of the
deformed metric and two-form B-field is straightforward. The resulting background is given
by
ds2 =
−(dx0)2 + dr2
1− ηˆ2r2 + r
2(dθ2 + sin2 θ dφ2) ,
B =
−ηˆr
1− ηˆ2r2 dx
0 ∧ dr . (4.5)
Here ηˆ = 2 η/κ and we have changed the coordinates as follows:
x1 = r cosφ sin θ , x2 = r sin φ sin θ , x3 = r cos θ . (4.6)
After performing a T-duality along the x0-direction [63], one can obtain the background
ds2 = (dr − ηˆr dx0)2 − (dx0)2 + r2(dθ2 + sin2 θ dφ2) . (4.7)
Note that the B-field has disappeared now. Then, by performing a coordinate transformation
from x0 to t ,
x0 = t+
1
2ηˆ
log(ηˆ2r2 − 1) , (4.8)
one can reproduce the standard metric of dS4 in static coordinates,
ds2 = −(1− ηˆ2r2)dt2 + dr
2
1− ηˆ2r2 + r
2(dθ2 + sin2 θ dφ2) . (4.9)
Here a cosmological horizon is located at r = 1/ηˆ . The cosmological constant has been
induced from the deformation parameter ηˆ .
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4.2 The tachyonic κ-deformation
Let us next consider the following r-matrix:
r =
1
κ
(−n10 ∧ p0 + n12 ∧ p2 + n13 ∧ p3) . (4.10)
This r-matrix also satisfies the mCYBE as well as the one given by (4.3) . When we change
the tensorial notation to the linear Rg-operator description, there is again a subtlety re-
lated with the degenerate inner product. However, for the coset elements given in (4.4) ,
the mCYBE (3.12) with ω = −1/κ2 is satisfied. Again, x and y are the elements of D .
This indicates that the Rg-operator is of split-type, which has received comparatively little
attention. It will be relevant in constructing the associated Lax pair in the next section.
The associated metric and B-field are given by
ds2 =
dt2 + (dx1)2
1 + ηˆ2t2
+ t2 cosh2 φdθ2 − t2dφ2 ,
B =
−ηˆt
1 + ηˆ2t2
dt ∧ dx1 ,
(4.11)
where we have introduced new coordinates t , θ and φ through
x0 = t sinh φ , x2 = t cos θ coshφ , x3 = t sin θ coshφ . (4.12)
Note here that the B-field can be rewritten as a total derivative.
As in the previous case, it is useful to perform a T-duality along the x1-direction. Then
the resulting background is given by12
ds2 = (dt− ηˆt dx1)2 + (dx1)2 + t2(−dφ2 + cosh2 φ dθ2) . (4.13)
Now the B-field has disappeared. Let us perform a coordinate transformation,
x1 = y +
1
2ηˆ
log(ηˆ2t2 + 1) . (4.14)
Then the resulting metric is given by
ds2 = (1 + ηˆ2t2)dy2 +
dt2
1 + ηˆ2t2
+ t2(−dφ2 + cosh2 φ dθ2) . (4.15)
By replacing the coordinates (with a double Wick rotation) by
y → it , t→ r , φ→ iθ , θ → φ , (4.16)
12 At this stage, one can see that this metric describes AdS4 by explicitly computing the scalar curvature
and the Ricci tensor.
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one can obtain the standard metric of AdS4 with the global coordinates
ds2 = −(1 + ηˆ2r2)dt2 + dr
2
1 + ηˆ2r2
+ r2(dθ2 + cos2 θ dφ2) . (4.17)
Here ηˆ2 is related to the non-vanishing curvature of AdS4 .
4.3 The light-cone κ-deformation
The third example of classical r-matrix is given by
r =
1√
2κ
[
(n01 − n31) ∧ p1 + (n02 − n32) ∧ p2 + n03 ∧ (−p0 + p3)
]
. (4.18)
This corresponds to the light-cone κ-deformation of Minkowski spacetime. This r-matrix, in
contrast to the previous two cases, satisfies the CYBE. This is also the case for the associated
Rg-operator.
Then the deformed background is given by
ds2 =
−2dx+dx− + 2ηˆ2x+r dx+dr − ηˆ2r2(dx+)2
1− ηˆ2(x+)2 + (dr)
2 + r2(dθ)2 ,
B =
ηˆ
1− ηˆ2(x+)2 (x
+dx+ ∧ dx− − rdx+ ∧ dr) , (4.19)
where the light-cone coordinates are
x± ≡ x
0 ± x3√
2
. (4.20)
By introducing a new coordinate system
x+ =
1
ηˆ
tanh(ηˆX+) , x− = X− +
ηˆ
2
r2 tanh(ηˆX+) , (4.21)
the above metric and B-field can be rewritten as
ds2 = −2dx+dx− − 2ηˆ
2r2
cosh2(ηˆx+)
(dx+)2 + (dr)2 + r2dθ2 ,
B =
1
ηˆ
d log
(
cosh(ηˆx+)
) ∧ dx− − 1
2
d tanh(ηˆx+) ∧ dr2 . (4.22)
Here we have replaced (X+, X−) with (x+, x−) for simplicity. This background is just a
time-dependent pp-wave background. The only non-vanishing component of Ricci tensor is
given by
R++ =
4ηˆ2
cosh2(ηˆx+)
, (4.23)
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and the scalar curvature vanishes. The (++)-component of Einstein equations of motion is
non-trivial and it provides a light-like matter. There is some amount of literature devoted
to pp-wave backgrounds associated with supersymmetric Yang-Mills and D-brane theories.
It would be worth mentioning about the relation between the pp-wave background (4.22)
and the deformed AdS5 obtained with the light-cone κ-deformation r-matrix [27]. By taking
a slice of the deformed AdS5 with a constant z and performing appropriate coordinate
transformations, the same pp-wave background (4.22) can be reproduced.
Finally, it would be worth noting that the B-field is a total derivative. Hence it is
anticipated that a Ramond-Ramond flux is turned on, instead of B-field, so that the resulting
background satisfies the equations of motion of type IIB supergravity. In order to confirm this
anticipation, it would be useful to study a slice of the deformed AdS5 [27] with a supercoset
construction.
5 Lax pair for the general κ-Poincare´ deformation
In this section, let us consider Lax pairs associated with the general classical r-matrix (4.1) .
An advantage of the Yang-Baxter sigma model approach is that the universal expression
of Lax pair can be constructed, independently of concrete forms of classical r-matrices. In
fact, when the geometry to be deformed is given by a group manifold itself or a symmetric
coset, the universal Lax pair has been constructed [1, 12, 15, 17, 18]. However, in the case
of Yang-Baxter deformations of 4D Minkowski spacetime, it has not yet been done (see
however [40]). Therefore, our task is to deduce the universal expression for aµ-dependent
general κ-Poincare r-matrix (4.1).
Although it is not straightforward13, we can deduce the following expression of Lax pair
for the general r-matrix (4.1) like
L± = P0(J±) + λ±1 [P (J±) + P ′(J±)]− aµaµ η2 λ±1 [P (J±)− P ′(J±)] , (5.1)
in terms of the deformed current defined as
J± ≡ 1
1∓ 2ηRg ◦ P A± . (5.2)
13Indeed, the first two parts of (5.1) can be determined on the analogy of abelian twists. For the detail of
the derivation, see [64].
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Here the projection P (x) is defined in (3.9) and we have introduced new projection operators
P ′(x) and P0(x) defined as
P ′(x) ≡
3∑
µ=0
nµ5
Tr(nµ5x)
Tr(nµ5nµ5)
, P0(x) ≡ 1
2
3∑
µ,ν=0
nµν
Tr(nµνx)
Tr(nµνnµν)
. (5.3)
The last term proportional to aµa
µ in (5.1) is added to the remaining familiar form. Given
the r-matrix like (4.1) , the deformed current is written in general as follows:
J± = J
µ
± pµ + J
µν
± nµν . (5.4)
The first and second terms of (5.4) depend on iso(1, 3)/so(1, 3) and so(1, 3) generators,
respectively. To begin with, the first term of the Lax pair (5.1) is projected by P0 to J
µν
± nµν .
Then the second term is projected by P + P ′ to Jµ± pµ , simply because pµ = γµ/2 − nµ5 .
Finally, the third term is projected by P−P ′ to Jµ± kµ , where kµ = γµ/2+nµ5 is the generator
for special conformal transformation. Thus, the last term indicates the appearance of the
special conformal generators in the expression of the Lax pair (5.1) which are present if the
mCYBE is concerned with.
The appearance of the conformal algebra may also be related to the fact that T-duals of
4D dS and AdS spaces can be also obtained by using other classical so(2, 4) r-matrices like
r ∼ dˆ ∧ p0 and r ∼ dˆ ∧ p1 [40], where the dilatation operator dˆ (≡ γ5/2) is a non-Poincare´
conformal generator.
Our main result is that we have succeeded in checking that the zero curvature condition
of the Lax pair (5.1) is equivalent to the equations of motion. The detailed computation is
given in this section.
5.1 Proof for the Lax pair describing general κ-deformations
Let us confirm that the Lax pair (5.1) works well for the general κ-Poincare´ r-matrix (4.1).
It is convenient to rewrite the Lax pair (5.1) as
L± = Jn± + λ±1(Jp± − a2η2J k˜±) ,
Jp± ≡ Jµ±pµ , Jn± ≡ Jµν± nµν , J k˜± ≡ Jµ±kµ , a2 = aµaµ . (5.5)
The zero curvature condition of the Lax pair (5.1) are also rewritten as
0 = ∂+L− − ∂−L+ + [L+,L−]
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= λ
(
−∂−Jp+ + [Jp+, Jn−] + a2η2∂−J k˜+ − a2η2[J k˜+, Jn−]
)
+
1
λ
(
∂+J
p
− + [J
n
+, J
p
−]− a2η2∂+J k˜− − a2η2[Jn+, J k˜−]
)
+∂+J
n
− − ∂−Jn+ + [Jn+, Jn−]− a2η2[Jp+, J k˜−]− a2η2[J k˜+, Jp−] . (5.6)
The coefficients of λ, λ0, λ−1 should vanish respectively, the zero curvature condition is
equivalent to the following three equations;
∂+J
p
− + [J
n
+, J
p
−] = 0 ,
∂−J
p
+ − [Jp+, Jn−] = 0 ,
∂+J
n
− − ∂−Jn+ + [Jn+, Jn−]− 4a2η2Jµ+Jν−nµν = 0 . (5.7)
In the derivation of the third equation in (5.7) from the λ0 term in (5.6) , we have used the
commutation relation; [pµ, kν ] = 2nµν + ηµνγ5 . Then the remaining task is to confirm that
the three equations in (5.7) are equivalent to the equation of motion of the deformed system
(3.10) and the zero curvature condition for Aµ .
Equations of motion
The equations of motion following from the deformed action (3.10) can be written in terms
of deformed current J± as follows:14
Tr
[E pµ] = 0 , E ≡ ∂+P (J−) + ∂−P (J+) + [J+, P (J−)] + [J−, P (J+)] . (5.8)
Then, by expanding J± , the equations in (5.8) can be rewritten as
Tr
[(
∂+J
ρ
−γρ + ∂−J
ρ
+γρ +
[
Jρ+pρ + J
ρσ
+ nρσ, J
λ
−γλ
]
+ [Jρ−pρ + J
ρσ
− nρσ, J
ρ
+γρ]
)
pµ
]
= 0 . (5.9)
In the third and fourth terms, the commutator [γµ, pν ] (= 2nµν + ηµνγ5) can be dropped
off because the generators given by this commutator (nµν and γ5) vanish after taking trace
with pµ . For the remaining terms, γµ can be replaced by pµ because the commutation
relations [γµ, nνρ] and [pµ, nνρ] have the same form. After all, the equations of motion of the
κ-deformed system (3.10) are equivalent to the following equations:
E˜ ≡ ∂+Jp− + ∂−Jp+ + [Jn+, Jp−] + [Jn−, Jp+] = 0 . (5.10)
14 The derivation of (5.8) is given in Appendix A of [18]. The expression (5.8) always holds, but the
classical r-matrix (4.1) was assumed for (5.9) . However, as shown in [64], the expression (5.9) is eventually
valid for arbitrary classical r-matrices of Poicare´ ⊗ Poincare´.
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Zero curvature condition
One can rewrite the zero curvature condition for A± in terms of J± like
0 = Z = ∂+A− − ∂−A+ + [A+, A−]
= ∂+J− − ∂−J+ + [J+, J−] + 2ηRg(E) + 4η2YBERg(P (J+), P (J−)) , (5.11)
through the relation A± = (1∓ 2ηRg ◦ P )J± . Now, by noting the relation
Rg(E) = Rg(E˜) , (5.12)
the fourth term in the last line can be rewritten as 2ηRg(E˜) . The symbol YBERg in the fifth
term is defined as
YBERg(X, Y ) ≡ [Rg(X), Rg(Y )]− Rg([Rg(X), Y ] + [X,Rg(Y )]) . (5.13)
With the r-matrix (4.1) , the expression of YBERg is explicitly evaluated as
YBERg(X, Y ) = a
2
(
Tr[pµgXg−1]Tr[nµνgY g
−1]g−1pνg
+Tr[nνµgXg
−1]Tr[pµgY g−1]g−1pνg
+Tr[pµgXg−1]Tr[pνgY g−1]g−1nνµg
)
, (5.14)
where we have omitted the subscript m of gm for simplicity. In particular, if X and Y can be
expanded by γµ only (that is, X = X
µγµ and Y = Y
µγµ) , YBERg(X, Y ) may take a simple
form:
YBERg(X, Y ) = −4a2XµY νnµν . (5.15)
This equation (5.15) indicates that the r-matrix (4.1) satisfies the mCYBE for the elements
of so(2, 3)/so(1, 3) . Thus the last line of (5.11) is recast into
0 = Z = ∂+J− − ∂−J+ + [J+, J−] + 2ηRg(E˜)− 4a2Jµ+Jν−nµν . (5.16)
Note the right-hand side of (5.16) has the iso(1, 3) components only by construction. Then
it can be decomposed into the iso(1, 3)/so(1, 3) and so(1, 3) components as follows:
0 = Zp ≡ ∂+Jp− − ∂−Jp+ +
[
Jp+, J
n
−
]
+
[
Jn+, J
p
−
]
+ 2ηP (Rg(E˜)) ,
0 = Zn ≡ ∂+Jn− − ∂−Jn+ +
[
Jn+, J
n
−
]
+ 2ηP0(Rg(E˜))− 4a2Jµ+Jν−nµν . (5.17)
Note that P0(Rg(E˜)) and P (Rg(E˜)) vanish because E˜ = 0 .
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Now we have prepared to check the equivalence between E˜ = Zp = Zn = 0 and the
equations in (5.7) . It is manifest and the correspondence is summarized in the following:
E˜ + Zp = 0
E˜ − Zp = 0
Zn = 0
⇐⇒ three equations in (5.7) .
Thus we have shown that the zero curvature condition of the Lax pair (5.1) is equivalent to
the equations of motion of the deformed system.
5.2 Three types of κ-deformations
In the following, we shall show the explicit forms of Lax pair for the three types of κ-
deformations, 1) the standard κ-deformation, 2) the tachyonic κ-deformation and 3) the
light-cone κ-deformation.
1) Lax pair for the standard κ-deformation
First of all, for the standard κ-deformation, the deformed current is given by
J± =
(
r cos θ cos φ∂±θ − r sin θ sin φ∂±φ+ sin θ cosφ∂±r ± ηˆr∂±x
0
1− ηˆ2r2
)
[p1 ± ηˆ n01]
+
(
r cos θ sin φ∂±θ + r sin θ cosφ∂±φ+ sin θ sin φ
∂±r ± ηˆr∂±x0
1− ηˆ2r2
)
[p2 ± ηˆ n02]
+
(
−r sin θ∂±θ + cos θ∂±r ± ηˆr∂±x
0
1− ηˆ2r2
)
[p3 ± ηˆ n03] + ∂±x
0 ± ηˆr∂±r
1− ηˆ2r2 p0 . (5.18)
Then, by using this J± , the explicit form of Lax pair is given by
L± =
(
r cos θ cos φ∂±θ − r sin θ sin φ∂±φ
+ sin θ cosφ
∂±r ± ηˆr∂±x0
1− ηˆ2r2
)[
λ±1
(
p1 +
ηˆ2
4
k1
)
± ηˆ n01
]
+
(
r cos θ sin φ∂±θ + r sin θ cosφ∂±φ
+ sin θ sin φ
∂±r ± ηˆr∂±x0
1− ηˆ2r2
)[
λ±1
(
p2 +
ηˆ2
4
k2
)
± ηˆ n02
]
+
(
−r sin θ∂±θ + cos θ∂±r ± ηˆr∂±x
0
1− ηˆ2r2
)[
λ±1
(
p3 +
ηˆ2
4
k3
)
± ηˆ n03
]
+
∂±x0 ± ηˆr∂±r
1− ηˆ2r2 λ
±1
[
p0 +
ηˆ2
4
k0
]
. (5.19)
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2) Lax pair for the tachyonic κ-deformation
In the case of the tachynic κ-deformation, the deformed current is given by
J± =
(
t coshφ∂±φ+
1
1 + ηˆ2t2
sinhφ(∂±t∓ ηˆt∂±x1)
)
[p0 ± ηˆn10]
+
(
−t sin θ cosh φ∂±θ + t cos θ sinh φ∂±φ
+
1
1 + ηˆ2t2
cos θ coshφ(∂±t∓ ηˆt∂±x1)
)
[p2 ± ηˆn12]
+
(
t cos θ coshφ∂±θ + t sin θ sinhφ∂±φ
+
1
1 + ηˆ2t2
sin θ coshφ(∂±t∓ ηˆt∂±x1)
)
[p3 ± ηˆn13]
+
1
1 + ηˆ2t2
(
∂±x
1 ± ηˆt∂±t
)
p1 . (5.20)
Then it is easy to compute the explicit form of the Lax pair,
L± =
(
t coshφ∂±φ+
1
1 + ηˆ2t2
sinh φ(∂±t∓ ηˆt∂±x1)
)[
λ±1
(
p0 − ηˆ
2
4
k0
)
± ηˆ n10
]
+
1
1 + ηˆ2t2
(
∂±x
1 ± ηˆt∂±t
)
λ±1
[
p1 +
ηˆ2
4
k1
]
+
(
−t sin θ cosh φ∂±θ + t cos θ sinh φ∂±φ
+
1
1 + ηˆ2t2
cos θ cosh φ(∂±t∓ ηˆt∂±x1)
)[
λ±1
(
p2 − ηˆ
2
4
k2
)
± ηˆ n12
]
+
(
t cos θ coshφ∂±θ + t sin θ sinhφ∂±φ
+
1
1 + ηˆ2t2
sin θ cosh φ(∂±t∓ ηˆt∂±x1)
)[
λ±1
(
p3 − ηˆ
2
4
k3
)
± ηˆ n13
]
. (5.21)
3) Lax pair for the light-cone κ-deformation
Finally, for the light-cone κ-deformation, the deformed current is given by
J± =
(
cos θ∂±r − r sin θ∂±θ ± ηˆ r cos θ∂±x
+
1∓ ηˆ x+
)[
p1 ± ηˆ n01 − n31√
2
]
+
(
sin θ∂±r + r cos θ∂±θ ± ηˆ r sin θ∂±x
+
1∓ ηˆ x+
)[
p2 ± ηˆ n02 − n32√
2
]
+
(1∓ ηˆ x+)(∂±x− ± ηˆr∂±r) + ηˆ2r2∂±x+
1− ηˆ2(x+)2
p0 − p3√
2
+
∂±x+
1∓ ηˆx+
[
p0 + p3√
2
± ηˆ n03
]
. (5.22)
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Then, by using the above current J±, the explicit form of Lax pair is obtained as
L± =
(
cos θ∂±r − r sin θ∂±θ ± ηˆ r cos θ∂±x
+
1∓ ηˆ x+
)[
λ±1p1 ± ηˆ n01 − n31√
2
]
+
(
sin θ∂±r + r cos θ∂±θ ± ηˆ r sin θ∂±x
+
1∓ ηˆ x+
)[
λ±1p2 ± ηˆ n02 − n32√
2
]
+
(1∓ ηˆ x+)(∂±x− ± ηˆr∂±r) + ηˆ2r2∂±x+
1− ηˆ2(x+)2
λ±1(p0 − p3)√
2
+
∂±x+
1∓ ηˆx+
[
λ±1
p0 + p3√
2
± ηˆ n03
]
. (5.23)
6 Conclusion and discussion
In this paper, we have studied Yang-Baxter sigma models leading to deformed 4D Minkowski
spacetimes arising from classical r-matrices associated with κ-deformations of the Poincare´
algebra. We have considered three deformations: 1) the standard κ-deformation, 2) the
tachyonic κ-deformation, and 3) the light-cone κ-deformation. For each of these deforma-
tions, the metric and two-form B-field have been computed. The first two deformations
are related with mCYBE and lead to T-duals of dS4 and AdS4 , respectively. The third
deformation is linked with the CYBE and leads to a time-dependent pp-wave background.
Finally, we have constructed a Lax pair for the generalized κ-Poincare´ r-matrix.
It should be mentioned that the three deformed geometries for the standard and tachyonic
κ-deformations have already been obtained in [40] with different kinds of classical r-matrices
which are composed of γ5 and a Poincare´ generator. In addition, such a classical r-matrix
has been found also for the light-cone κ-deformation and the correspondence list with the
deformations of flat Minkowski space is shown in Tab. 1. It is very interesting to try to under-
stand the fundamental mathematical structure behind this correspondence. A preliminary
clarification is given in Appendix C.
Geometry The present paper The previous work [40]
1) T-dual of 4D dS the standard κ-deformation r ∼ γ5 ∧ p0
2) T-dual of 4D AdS the tachyonic κ-deformation r ∼ γ5 ∧ p1
3) time-dependent pp-wave the light-cone κ-deformation r ∼ γ5 ∧ (p0 − p1)
Table 1: The correspondence list of 4D (A)dS and classical r-matrices.
In this paper, we have constructed the Lax pair for the general aµ-dependent κ-deformation.
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It should be of great significance to further extend this Lax pair for general classical r-
matrices beyond the κ-deformation, especially for the ones belonging to so(2, 4) but including
non-Poincare´ generators.
There are many open problems. It would be interesting to study soliton solutions by
employing the classical inverse scattering method with the Lax pair constructed here. There
may be some potential applications of the solutions in the study of string theory, especially
in AdS/CFT dualities. So far, we have constructed Lax pairs. It is also nice to pursue the
complete integrability by explicitly constructing the action-angle variables.
Then it is important to study the symmetry algebras associated with the Yang-Baxter
deformations. It would also be interesting to consider supersymmetric extensions of our
result. Along this line, the preceding works [65, 66] would be useful. It is also important to
present our results extended to the quantized (super)string level.
We hope that our results could as well shed light on some new aspects of classical and
quantum gravity.
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Appendix
A A connection among coset representatives of AdS5
In section 2, we have used a coset representative given in (2.13) . As a matter of course, one
may take another one.
25
For example, let us consider the following representative [59] :
gˆ = exp
(
i
2
t γ5
)
1+ 1
2
(yiγi + iy
0γ0)√
1− y2/4 (y
2 = yiyi + y0y0 , i = 1, 2, 3) . (A.1)
Then the AdS5 metric is expressed as
ds2 = −
(
1 + y2/4
1− y2/4
)2
dt2 +
1
(1− y2/4)2
(
dy2 + y2dΩ23
)
. (A.2)
In general, different choices of coset representatives are related each other through coor-
dinate transformations. In fact, the two representatives g in (2.13) and gˆ in (A.1) are related
by the following gauge transformation
gˆ = g h−1 , h = exp (−ψ2n12) exp (−iψ3n03) exp (−iψ1n01) (A.3)
and the following coordinate transformation
y0 = −2 tanh 1
2
ρ cosψ1 cosψ3 , y
1 = −2 tanh 1
2
ρ sinψ1 cosψ2 ,
y2 = −2 tanh 1
2
ρ sinψ1 sinψ2 , y
3 = −2 tanh 1
2
ρ cosψ1 sinψ3 .
Furthermore, the representatives gP in (2.27) and gˆ in (A.1) are related by the following
gauge transformation
gP = gˆ h
′−1 , h′ =
1√
1 + y2/4
(
1+ yini5 + iy
0n05
)
, (i = 1, 2, 3) (A.4)
and coordinate transformation
x0 =
i
1 + y2/4
eit y0 , x1 =
1
1 + y2/4
eit y1 , x2 =
1
1 + y2/4
eit y2 ,
x3 =
1
1 + y2/4
eit y3 , z =
1− y2/4
1 + y2/4
eit . (A.5)
Thus g, gP and gˆ are related by a chain of gauge transformations like
g = gˆh = gPh
′h , h , h′ ∈ SO(1, 4) . (A.6)
That is, these three group elements can be used as the locally equivalent representatives of
the coset (2.11) .
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B Another coset for the Poincare´ AdS5
As for the Poincare´ AdS5 , one may take another choice of the projector
P˜ (x) ≡ k0 Tr(k0 x)
Tr(k0p0)
+
3∑
i=1
ki
Tr(ki x)
Tr(kipi)
+ γ5
Tr(γ5 x)
Tr(γ25)
=
1
2
[
−k0 Tr(k0 x) +
3∑
i=1
kiTr(ki x) +
1
2
γ5Tr(γ5 x)
]
for x ∈ so(2, 4) . (B.1)
Here kµ satisfying the relation Tr(kµpν) = 2ηµν is employed instead of γµ . This replacement
modifies the definition of vielbeins like
eµ = Tr (kµA) , e5 =
1
2
Tr(γ5A) , (B.2)
but the resulting vielbeins are the same as the ones in (2.26) . Thus, by taking the same
representative g as (2.22), the Poincare´ AdS5 metric can be obtained as
ds2 = ηMNe
MeN = Tr(AP˜ (A)) . (B.3)
Thus the same result has been reproduced even by using this different projection (B.1) .
It should be remarked that the projection (B.1) does not preserve the standard coset
structure (2.11) any more. Instead, it respects another coset structure,
SO(2, 4)
I˜SO(1, 3)
. (B.4)
Here I˜SO(1, 3) describes a nonstandard Poincare´ group with the special conformal generators
kµ and the following Lie algebra
i˜so(1, 3) = span
R
{ kµ , nµν | µ, ν = 0, 1, 2, 3 } . (B.5)
Due to the definition of the new projector (B.1) , this coset (B.4) enjoys the invariance under
the following gauge transformations
g → gh , h ∈ I˜SO(1, 3) . (B.6)
The coset (B.4) is not globally isomorphic via the gauge transformation (B.6) with the
coset (2.11), but these two cosets can be shown to be locally equivalent. Further, the coset
(B.4), similarly like the one parametrized by (2.22), is not symmetric. It is interesting to
consider the YB deformation corresponding to the coset (B.4) and the existence of Lax pair,
what we plan to follow in our future work.
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C The coincidence of target geometries obtained from
different classical r-matrices
It is significant to clarify the origin of the coincidence of geometries obtained from differ-
ent classical r-matrices. For this purpose, we consider a particular pair of Yang-Baxter
deformations. It will be helpful to see the explicit expressions of deformed current J± .
For simplicity, we will focus upon the standard κ-deformation
r(s) =
1
κ
3∑
i=1
n0i ∧ pi (C.1)
and the classical r-matrix including the dilatation
r(d) = p0 ∧ 1
2
dˆ . (C.2)
Then the deformed currents following from the formula (5.2) are given by, respectively,
J
(s)
± =
(
r cos θ cos φ∂±θ − r sin θ sin φ∂±φ+ sin θ cosφ∂±r ± ηˆr∂±x
0
1− ηˆ2r2
)
[p1 ± ηˆ n01]
+
(
r cos θ sin φ∂±θ + r sin θ cosφ∂±φ+ sin θ sinφ
∂±r ± ηˆr∂±x0
1− ηˆ2r2
)
[p2 ± ηˆ n02]
+
(
−r sin θ∂±θ + cos θ∂±r ± ηˆr∂±x
0
1− ηˆ2r2
)
[p3 ± ηˆ n03] + ∂±x
0 ± ηˆr∂±r
1− ηˆ2r2 p0 (C.3)
and
J
(d)
± =
(
r cos θ cosφ∂±θ − r sin θ sinφ∂±φ+ sin θ cosφ∂±r ± ηr∂±x
0
1− η2r2
)
p1
+
(
r cos θ sinφ∂±θ + r sin θ cos φ∂±φ+ sin θ sinφ
∂±r ± ηr∂±x0
1− η2r2
)
p2
+
(
−r sin θ∂±θ + cos θ∂±r ± ηr∂±x
0
1− η2r2
)
p3 +
∂±x0 ± ηr∂±r
1− η2r2
[
p0 ± ηdˆ
]
. (C.4)
Now it is easy to check that the difference between the two currents J (s) and J (d) vanishes
under the projection (3.9) , i.e., J (s) and J (d) are equivalent under the projection. Thus the
resulting geometry and symmetry algebra become identical.
It is still interesting to consider the criteria selecting currents which are equivalent under
the projection. It should be stressed here the basic role of the projection operator, i.e., the
coset choice. These are future problems for further studies.
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